Hypoid gear machining is a critical process in automobile industries. Many studies have discussed the gear machining in the geometrical model for manufacturing and design of the gears. In terms of the cutting process, the accuracies of the gears largely depend on the cutting forces. Therefore, the cutting force should be estimated to perform the high accurate gear cutting. However, few studies have been done on prediction of the cutting force. Analytical predictions of the cutting forces are required for manufacturing of gears with high qualities. This study presents an analytical model to predict cutting force in the hypoid gear cutting, in which the gear grooves are machined by sets of inner and outer cutting blades. Both of the blades finish the side and the end faces in the gear grooves. Different chip flows occurs on the end and the side edges of the blades. The chip flows are modeled by piling up orthogonal cuttings containing the cutting and the chip flow directions, where the chip flow direction is determined to minimize the cutting energy. The cutting forces loaded on the inner and the outer blades are predicted in the chip flow models. The presented model is validated in the cutting tests with measuring the cutting forces.
Introduction
Hypoid gears are one of critical transmission parts in power train systems of automotive vehicles. Hypoid gears are considered as a general gearing based on their geometry. The hypoid gears demonstrate a significant advantage in larger pinion sizes, smaller pinion tooth counts, higher contact ratios and higher contact fatigue strengths. As a shortcoming, the hypoid gears experience higher sliding velocities, resulting in higher power losses due to excessive sliding frictions. Many researches have been made on design of the hypoid gears, as reviewed by Kolivand and Kahraman (Kolivand and Kahraman, 2009 ). The hypoid gears are generally machined in face-milling or face-hobbing. A geometrical analysis in the face-hobbing was presented to optimize head-cutter geometry and machine tool settings (Simon, 2014) .
In terms of competitiveness in the automobile market, high machining rates are required with reducing machining costs and achieving machining accuracy in the gear machining. The gear machinings have been usually performed in cutting on special machine tools. Huran studied the hypoid gear machine tools (Huran, 2011) . The axes on the machine tool are controlled simultaneously based on the gear designs.
Many works have studied manufacturing of the hypoid gears and analyzed the gear performances. The gear shapes have been designed theoretically in the proposed mathematical model. In the gear machining process, the actual gear shape depends on the cutting force, the cutting temperature and the tool wear. Klocke et al. analyzed the influence of the tool profile on thermal and mechanical load on the tool during bevel gear machining (Klocke et al., 2012) . They simulated the chip formation in the bevel gear machining to analyze the thermal and the mechanical load by finite element analysis.
The discrepancy of the actual shape from the designed one is generally induced by the displacement of the tool and the workpiece associated with the cutting force. The heat generation in cutting occurs in the shear zone of the material and on the tool faces contacting the chip and the workpiece, where the cutting energy is consumed. The cutting energy is estimated by the cutting force. The tool wear rate, then, is associated with the stress and the temperature at interfaces of the tool and the chip and of the tool and the workpiece (Usui et al., 1984) . The cutting force, therefore, should be controlled to achieve high machining accuracy.
Many cutting force models have been proposed in turning, milling and drilling so far. Cutting coefficient model associates shearing and indentation components in the cutting force with the cutting area and the length of the cutting edge. The cutting edges such as end mills are divided into small segments in cutting zone. The cutting forces loaded on the segments are integrated over the cutting zone. The force models in milling, which is similar to hypoid gear cutting discussed in this paper, are reviewed by literatures (Smith, 1991; Ehmann et al., 1997) . Predicting the cutting force in a short time, the force model has been applied to chatter vibration analysis. The cutting coefficients, however, depend on not only cutting parameters but also tool geometry. Therefore, the coefficients used in the analysis should be acquired in many cutting tests.
The cutting processes have recently been analyzed in finite element method (FEM) with the technical progress of the computer hardware. The FE analysis enables us to simulate the chip formation, the cutting force, and the stress and the strain distributions in material. Therefore, scientific discussions have been done using the FE analysis (Mackerle, 2003) . Because large matrix processing is performed in the FE analysis, the simulation requires a long computational time.
A force model based on the minimum cutting energy was proposed by Usui et al. In the force model, three dimensional chip flow is modeled by piling up the orthogonal cuttings. The cutting force is predicted in the chip flow giving the minimum cutting energy. The model was applied to turning and Hirota et al. extended this model to plane milling . Matsumura et al. presented a force model in cutting with the complex tools such as ball and roughing end mills (Matsumura and Usui, 2010) . Kasahara et al. predicted the cutting force in ball end milling with the cutter axis inclination (Kasahara et al., 2008) . The advantages of the model are that the cutting force and the chip flow direction are predicted in a short time by only the orthogonal cutting data associated with a few cutting parameters. Therefore, the model can be used for the tool design and optimization of the cutting parameters. This paper presents a predictive force model in the hypoid gear machining. The force model based on the minimum cutting energy is applied to the hypoid gear machining. As an introduction, the hypoid gear machining is reviewed in the first part. Then, the cutting force model is described in the second part. In the third part, two cutting tests are shown. A cutting test was conducted to observe the chip formation in hypoid gear machining. Another cutting test was conducted to compare the simulation with the measured cutting forces.
Hypoid gear machining
Hypoid gears are machined with rotations of a workpiece and a cutter, as shown in Fig. 1 . A gear groove is machined by two kinds of cutting tools: inner and outer blades. The outer blade finishes the right side wall and the bottom; and the inner blade finishes the left side wall and the bottom of the groove, as shown in Fig. 2(a) . Sets of the inner and the outer blades are clamped in a cutter, as shown in Fig. 2(b) . The center of the cutter is located in a distance Systems, and Manufacturing, Vol.10, No.5 (2016) from the rotation center of the workpiece. The cutter rotates at a spindle speed with feeding in the depth direction of the groove to be machined. The workpiece also rotates at a lower spindle speed than that of the cutter. The cutting areas of both of the blades increase with the cutter feed. Therefore, the cutting force loaded on the cutter changes with the depth of cut.
A chip formation occurs on the end edge of the tool in small depths of cut. When the depth of cut is large enough to form the chip on the side edge, different chips form on the end and the side cutting edges, as shown in Fig. 3 . Two chip flow models, therefore, are made on both of the edges on a tool in the analysis.
Cutting force model 3.1 Estimation of flow disturbance
In the hypoid gear machining, N sets of the inner and the outer blades clamped on a cutter machine N G gear teeth.
The radial and the axial rake angles of the inner and the outer blades are  R and  A , respectively. The gears are machined by the cutter rotation at the angular velocity  T and the workpiece rotation at the angular velocity  w . Figure   4 shows the alignment of the cutter respect to the workpiece surface, which is inclined with respect to the rotation axis of the workpiece. X-Y-Z in Fig. 4 is the reference system, where X-Y plane is defined as the workpiece surfaces.
X'-Y'-Z' rotates with a cutting edge at the angular velocity  T . In analysis, the center of the cutter rotates around the workpiece at the angular velocity  w instead of the workpiece rotation, as shown in Fig. 4 . The coordinates of a cutting point P on an edge in X'-Y'-Z' are associated with those in X-Y-Z as follows: 
Chip formation on end edge
Shiraishi, Kusaka and Matsumura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.10, No.5 (2016) where R c (t) is the offset of the center of the cutter from that of the workpiece changing with the time t. In the general operation, the cutter is fed in not only the depth direction (Z) but also surface directions (X and Y). Therefore, R c (t) is given by a feed rate vector (f x , f y , f z ):
Chip flow model
The cutting force is predicts with the chip flow direction. As shown in Fig. 3 , a chip formation occurs in depths of cut less than the critical depth d c , at which different chips form on the side and the end edges. When the depth of cut is over d c , two types of chip form on the end and the side cutting edges. The chip flow models, therefore, are made independently according to the depth of cut with respect to the critical depth d c . Although the different chips are formed with connected each other, the chip flow model in analysis ignores interaction of the chip flows with the internal plastic deformation.
Because the detail force model is described in Ref. (Matsumura and Usui, 2010) , the outline is reviewed here. The cutting edges are divided into small segments to consider the change in the tool geometry. Oblique cutting is performed with the edge inclination with respect to the cutting direction in each segment. The chip flow in each segment is interpreted as a piling up of the orthogonal cuttings in the planes containing the cutting velocities V and the chip flow velocities V c , as shown in Fig. 5 . A cutting velocity at a cutting point is the resultant of the circumferential velocity of Vol.10, No.5 (2016) the tool, that of the workpiece and the feed rate. The orthogonal cutting model at the cutting point, therefore, is determined in the X"-Y"-Z" coordinate system based on the direction of the cutting velocity, where the Y"-axis is defined in the velocity direction and the X"-axis is perpendicular to the Y"-axis, as shown in Fig. 6 .  is the direction angle of the cutting velocity with respect to the coordinate system X'-Y'-Z'. The orthogonal cutting model is made by Eq. (3), which is acquired in the orthogonal cutting tests:
where ,  s and are the shear angle, the shear stress on the shear plane and the friction angle. V, t 1 and are the cutting velocity, the uncut chip thickness and the rake angle, respectively. The orthogonal cutting model depends on the chip flow angle  c with the effective rake angle  e to be applied to Eq. (3) as . Then, the cutting energy consumed into the shear energy on the shear plane and the friction energy on the rake face is estimated by the orthogonal cutting models at the effective shear angle  e and the effective rake angle  e .
In the orthogonal cutting model at a chip flow angle, the shear energy dU s in a segmented area is: 
where l s and dL s are the length and the width of the shear plane on the segmented area, respectively. The friction energy dU f is given by the friction force dF t and the chip flow velocity V c in the following equation:
where dF t is given in the orthogonal cutting model as follows:
  where t 1 and dL f is the uncut chip thickness and the width of the tool-chip contact area on the segmented edge, respectively. The chip flow velocity at the center of the cutting area removing material is: 
Surface finished by the previous cutter The chip flow velocities on the other segmented edges, in turn, are determined geometrically to be a constant angular velocity of the chip curl without plastic deformation in the chip. The cutting energy U, then, is given by the integration over the range of height [h min , h max ] in the cutting area as follows:
The chip flow angle  c is determined to minimize U in the iterative calculation. The cutting force, then, is predicted in the model at the minimum cutting energy.
The cutting force components at a cutting point P are shown in Fig. 6 . In the determined chip flow model at the minimum cutting energy, the principal cutting force loaded on the segmented cutting area dF H is:
The normal force on the rake face dF n is:
where dF t is the friction force given by Equation (6). The radial component dF T and the axial one dF V are:
The components of the cutting force loaded on the segmented cutting edge in X-Y-Z are:
where γ is the positioning angle of the cutting point with respect to the end edge. The cutting force components loaded on the tool designated in Fig. 5 , in which X and Y components coincide with X and Y axes in Fig. 4 , are obtained by integrating dF x , dF y and dF z over the cutting area:
Validation of force model 4.1 Cutting test for determination of critical depth changing chip flow
The cutting tests were conducted to validate the force model in the hypoid gear cutting on a machining center Shiraishi, Kusaka and Matsumura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.10, No.5 (2016) (MV45, Mori Seki), as shown in Fig. 7 . In order to determine the critical point at which different chip formations occur, the chip flows were observed by a high speed camera (Fastcam 1024, Photron). In the cutting tests, a workpiece was clamped in the spindle of the machining center; and a cutting tool was clamped in a tool holder mounted on the machine table. The workpiece and the tool materials are SCM420 and cemented carbide, respectively. The side and the end rake angles are 3 and 2.5 degrees. The workpiece was fed downward in Z direction; and the tool cut the workpiece with the chip formations. Figure 8 shows the chip formation during dry cutting at a cutting speed of 156 m/min and a feed rate of 0.02 mm/rev. According to the picture, the chip flow direction changes around the corner of the edge. The distances of the critical point from the end edge of are 0.79 mm on the outer tool and 0.95 mm on the inner tool. Figure 9 shows the cutting tests to measure the cutting force of SCM420 with a set of the inner and the outer blades made of cemented carbide. The cutter was clamped in the spindle to cut the workpiece on the machining table with feeding in Z-axis of the machining center. The cutting forces were measured by a piezoelectric dynamometer (9272, Kistler) under the workpiece. Because the workpiece was clamped on the table, only the cutter rotates at a spindle speed. Figure 10 shows an example of the cutting forces measured at a spindle speed of 392 rpm and the feed rate in Z Shiraishi, Kusaka and Matsumura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.10, No.5 (2016) direction of 0.09 mm/rev, where the measured cutting force components are transferred to the components loaded on the tool. The cutting force components loaded on the cutter are designated as the direction in Fig. 9 . The inside and the outside diameters of the workpiece are 120 and 168 mm, respectively. The diameters of the inner and the outer blades are 76 mm. The offsets of the cutter from the center of the workpiece are 68.44 mm in the X direction and 61.54 mm in the Y direction, respectively. The radial and the axial rake angles of the tools are 3 and 2.5 degrees, respectively. The cutting force increases with the feed of the cutter. Figure 11 compares the simulated and the measured cutting forces in a depth of cut of 2.5 mm. The following orthogonal cutting data are used for the simulation: 
Simulation of Cutting Force
The cutting process is divided into the following modes: (1) The outer blade cuts the workpiece.
(2) The inner blade engages the workpiece around 0.007 sec; and the outer and the inner blades cut the workpiece simultaneously. (3) The outer blade exits from the workpiece around 0.009 sec; and the inner blade continues cutting until exit of the tool at 0.016 sec. The cutting force simulation designated by symbols nearly agrees with the measured force. However, Y component after 0.007 sec is lower than the measured one. The discrepancy is induced by the clamping error in the orientation of the piezoelectric dynamometer. Although the workpiece does not rotate in the cutting tests, the cutting force model is validated with the orthogonal cutting data.
Conclusion
The paper has presented the cutting force model in the hypoid gear machining. In the machining operation, sets of the inner and the outer blades are clamped on a cutter. The cutter and the workpiece rotate simultaneously with the offset of their rotation centers. In analysis, the rotation center of the cutter rotates around the workpiece center, where the workpiece does not rotate.
In the cutting process, a chip formation occurs on the end edge of the blade in small depths of cut. When the depth of cut is large enough to form the chip on the side edge, different chips form on the end and the side cutting edges. The critical depth d c at which the different chips form is determined to control the chip flow model in the cutting tests. Then, the chip flow models are made by piling up orthogonal cuttings in the planes containing the cutting velocities and the chip flow velocities. The chip flow angle of each chip flow model is determined to minimize cutting energy estimated using the orthogonal cutting data.
The cutting force changes during a rotation of the cutter with the engagement of the outer and the inner blades. The cutting force increases with the cutting area. The cutting force model is validated in comparison between the simulated 
